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1 Introduction 

Let L{t) be a square integrable Levy martingale on a Hilbert space H, starting from 0, 
defined on a complete probability space {Q,J^,F) with a normal filtration J-'j. It is well 
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known, see e.g. [2T], that 



L{t)= [ [ zTT{ds,dz) + W{t) (1.1) 
Jo Jh 



where W is an H valued Wiener process, independent of the compensated random measure 
n{ds,dz) = '7i{ds,dz) — dsv{dz) with the intensity measure satisfying 

|2;||^z/((iz) < +CXD. 



H 

Here 

7r(]0, t], r) = #{s G]0, t]; L{t) - L{t-) E T}, 
is the random measure of jumps of the process L, see e.g. [25], [3] and [21]. Define 

L„(t) = -L{nt), 
n 



and note that 



E||L„(t)f = - / \\z\\Mdz). 



We study large deviation principle for the family of processes satisfying 

dX^s) = i-AXnis) + F{X4s)))ds + G{Xn{s-))dLn{s), X„(0) =xeH, (1.2) 

where A is a linear, densely defined, maximal monotone operator in H and F, G are certain 
continuous functions. These abstract stochastic differential equations may be for instance 
semilinear stochastic PDE with small Levy noise. For the theory of such equations we 
refer to [21] and the references therein. We excluded from our considerations the Gaussian 
part of the noise. If L is a Wiener process, large deviation results are well known, see e.g. 
[1 El El El [131 [11 [ISl |22l |26l [271 [29] and the references therein. We think that our methods, 
combined with the techniques of [2S], should apply to the general case, however we do 
not attempt to do it here. Thus, we will always assume that 

Lnit) = —L(nt), where L (if:) = / / zfr(ds,dz). (1.3) 
n Jo Jh 

There are two types of large deviation results; at a single time, i.e. for X„(T) with 
T fixed, and in the path space, i.e. for X„(-). Our goal is to show the large deviation 
principle and identify the rate function for the single time case since this is where the 
PDE theory is used. Once this is done a general strategy to pass to the path space case 
can be found in [13] . Such a strategy was employed in [29j when L was a Wiener process. 
We don't know if it can be successful here. 
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The problem of large deviations for infinite dimensional processes with jumps seems 
to be wide open although for the finite dimensional spaces basic results are presented 
in [30]. We are only aware of three papers that specifically address it in the path space. 
In pp the large deviation principle is proved for a family of Banach space valued Levy 
processes and in ^8] for solutions of linear evolution equations of type (11. 2p with additive 
Levy noise and the operator A with a discrete spectrum. Paper [3l] deals with the case 
of two-dimensional stochastic Navier-Stokes equations driven by additive Levy noise. We 
also refer to [21 US] for related results. 

Our approach uses the classical theorems of Varadhan and Bryc [10]. According to 
them the processes X„ satisfy the large deviation principle in a metric space E if and only 
if the family {Xn} is exponentially tight and the Laplace limit 

A{g) = lim - loglEe'^^^^") 

n— s>oo n 

exists for all g G Ch{E). We will choose E to be any Hilbert space V such that H G V 
and H ^ V is compact. Our main result, the existence of the Laplace limit and its 
identification, will be a consequence of a much more general result about convergence of 
viscosity solutions of certain integro-PDE in H to the viscosity solution of the limiting 
first order Hamilton- Jacobi-Bellman (HJB) equation. 

After recalling basic definitions and introducing main hypotheses in Section [2l expo- 
nential estimates and continuous dependence estimates for solutions of (11. 2p are estab- 
lished in Section [3l see Proposition 13.11 and Proposition 13.31 In the proofs we use a new 
result on convergence of solutions of the equation (II. 2p with A replaced by Yosida approx- 
imations of A. Associated nonlinear PDE in Hilbert spaces are investigated in Section HI 
The fact that functions 

vJt,x) = -loglEe"^(^"(^», 
n 

where solves (13. ip . are viscosity solutions of proper nonlinear PDE, is the content of 
Theorem 14.11 Moreover Theorem 14.41 establishes existence of a viscosity solution to the 
limiting HJB equation. The main results on the Laplace limits are subjects of Theorem 
15. H Theorem 15. 4[ and Corollary 15.31 of Section [51 Finally Theorem 16.11 states conditions 
under which the large deviation principle holds for solutions of (II. 2p . Various examples 
are discussed in Sections [7] and |8l In the Appendix we give a proof of the convergence 
result used in Section |3l 
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2 Preliminaries 



2.1 Basic definitions and assumptions 

Throughout this paper H will be a real separable Hilbert space equipped with the inner 
product (■, ■) and the norm || • ||. We recall that A is a linear, densely defined, maximal 
monotone operator in H. 

Let 5 be a bounded, linear, positive, self-adjoint operator on H such that A*B is 
bounded on H and 

{{A*B + CqB)x,x) >Q for all xG// (2.1) 

for some cq > 0. Such an operator always exists, for instance B = {{A + I){A* + J))^^/^ 
(see [23 )• ^6 refer to [7] for various examples of B. Using the operator B we define for 
7 > the space to be the completion of H under the norm 

Let VL C [0, T] X H . We say that u : ^2 — t- M is 5-upper-semicontinuous (respectively, 
i?-lower-semicontinuous) on f2 if whenever tn t, Xn ^ x, Bxn Bx, (t, x) G Q, then 
\imsupn^_^_^u{tn, Xn) < u{t,x) (respectively, liminf„_^+oo ^^(in, a^n) > u{t^x)). The func- 
tion u is i?-continuous on VL if it is i?-upper-semicontinuous and 5-lower-semicontinuous 
on VL. 

The following assumptions will be made about the functions F : H ^ H and G : 
H —7- L{H), where L{H) is the space of bounded linear operators on H: 

||F(0)||<M, \\F{x) - F{y)\\ < M\\x -y\\.i for all x,y E H, (2.2) 

\\G{x)-G{y)\\<M\\x-y\\,i for all x,y e H, (2.3) 

||G(x)||<M iorallxeH (2.4) 

for some M > 0, and 

2;||^e^"''"z/((i2;) < +oo for every K > 0. (2.5) 

Condition 02.51) is equivalent to the requirement that the noise process has exponential 
moments: 

If (12. 5p holds then the Laplace transform of the process L is well defined. Namely if 
L is given by (11. ip and Qw is the covariance of W, then 

jEe(P'^W) = e*^(P) where H{p) = l/2{QwP,p) + [ [e^^'"^ - 1 - (p, z)] u{dz), p E H. 

(2.6) 
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We set 

Ho{p) = I - 1 - (p, z)] u{dz), peH, 

Jh 

if L is without the Gaussian part as in {\1.3\i . 

Remark 2.1. If instead of ^2. ij) we suppose that 

((A*5 + co5)x,x) > ||xf forallxeH (2.7) 

then lli2.S\) can be replaced by a weaker condition 

||F(0)||<M, \\F{x) - F{y)\\ < M\\x -y\\ forallx,yeH. (2.8) 

We refer the reader to |^ for examples of operators satisfying \2. 7| j and to i24J for con- 
ditions guaranteeing the existence of B for which \2. 7|) holds. 



We will need the following simple fact which we record for future use. 
Lemma 2.2. If f E C^{H) then for every x,y E H 



1 /•! 

2 . 



fix + y) = fix) + {Df{x),y) + / / {D'fix + scTy)y, y)adsda. 

Jo Jo 

For a square integrable martingale M we will denote by (M, M)t its angle bracket 
and by [M,M]t its quadratic variation (see [23], p. 57, or [T9j, p. 150). It is easy to see 
that {L{nt), L{nt))t = cut for some c > 0. 

For a Hilbert space Z we will be using the following function spaces. 

CbiZ) = {n : Z — 7- M : M is continuous and bounded}, 

Lipf^{Z) = {u E CbiZ) : u is Lipschitz continuous}, 

C\Z) = {u: Z ^R: Du,D^ u are continuous}, 

C^'^((0, T) X Z) = {m : (0, T) X Z ^ R : Du, D\ are continuous}, 

C'^^iZ) = {m : Z — 7- M : n, Du, D^u are uniformly continuous}, 

where Du, D^u denote the Frechet derivatives of u with respect to the spatial variable. 

We will denote by S'(-) the Co-semigroup generated by —A. For A > we denote 
by Ax the Yosida approximation of A, Ax = XARx, where Rx = (A/ + A)^^. The Co- 
semigroup generated by —Ax will be denoted by S'a(-)- Both S'(-) and Sxi-) are semigroups 
of contractions. It is well known (see for instance [20]) that 

II-RaII < -T' ^™ XRxX = X ioi X E H. (2.9) 

A A— !>+oo 

For C G L{H) we will denote by ||C||hs its Hilbert-Schmidt norm. 
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2.2 Viscosity solutions 

To minimize the technicalities we will be using a slightly simplified definition of viscos- 
ity solution. This simplified definition will be enough since in this paper we only deal 
with bounded solutions. We also point out that Definition 12.41 applies to terminal value 
problems. 

Definition 2.3. A function ip is a test function if ip = (p + h{\\x\\), where: 

(i) (f G C^'^((0,T) X H), is B-lower semicontinuous, (p,(pt, D(f, D'^(f, A* Dip are uni- 
formly continuous on [e, T — e] x if for every e > 0, and ip is hounded on every set 
[e,T-e] X <r}. 

(li) h e C^([0, +oo)) is such that h'{0) = 0, h'{r) > for r e (0, +oo), and h, h', h" are 
uniformly continuous on [0,+oo). 

We will be concerned with terminal value problems for integro-PDE of the form 

vt- {Ax,Dv) + F{t,x,Dv,v{t,-)) = in {0,T) x H, (2.1) 

where F : {0,T) x H x H x Cl^{H) M. 

Definition 2.4. A locally hounded B-upper semicontinuous function u : {0,T)xH is 
a viscosity suhsolution of ^2. ij) if whenever u — (p — h{\\ ■ ||) has a maximum over {0,T) x H 
at a point {t,x) for some test functions (p,h{\\y\\) then 

iptit, x) - (x, A*Dip{t, x)) + Fit, X, D^it, x),^{t, ■)) > 0, 

where ^lj{s,y) = (p{s,y) + h{\\y\\). 

A locally hounded B-lower semicontinuous function u : {0,T) x H ^ M. is a viscosity 
supersolution of Ii2. 1\) if whenever u -\- (p -\- h{\\ ■ ||) has a minimum over (0,T) x H at a 
point {t,x) for some test functions (p,h{\\y\\) then 

ipt{t, x) + {x, A*D^{t, x)) + F{t, X, DiPit, x),ij{t, ■)) < 0, 

where ij{s,y) = -(p{s,y) - h{\\y\\). 

A viscosity solution of Ii2. 1\) is a function which is hoth a viscosity suhsolution and a 
viscosity supersolution. 
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3 Estimates for solutions of stochastic PDE with 
Levy noise 

In this section we recall basic facts and show various estimates about mild solutions of 
the equations, 

dX^{s) = {-AX^{s) + F{X^{s)))ds + G'(X„(s-))rfL„(s), X„(t) = x e H, (3.1) 
on a fixed time interval [0,T], where L„ are the processes defined in (11. 3p . 
Let us recall that if (II. 3p holds then 

]Eg(p,inW> ^ gntHo(^) ^ ^ntJ^[ehM-l-^{j>,z)]u{dz) ^ pe H. (3.2) 

The covariance operator of the process L will be denoted by Q and then the covariance 
operator of L„ is -Q. 



We refer the readers to Chapter 9 of [21] for the definition of a mild solution. We will also 
need solutions of the equations 

dX;r(s) = (-^n^^r(s) + HXnis)))ds + G{X::'{s-))dL4s), X^(t) =xeH, (3.3) 

where the operators Am are Yosida approximations of A for X = m = 1, 2, . . .. 

Proposition 3.1. Let < t < T . Let 1^2. 5\} be satisfied and let 

\\G{x) - G{y)\\, \\F{x) - F{y)\\ < C\\x - y\\ for all x,y e H, (3.4) 

for some C > 0. Then: 

(i) There exists a unique mild solution X„ of liS. The solution X„ has a cddldg 
modification. 

(a) If X^ is the solution of /IS. 3\) then 

lim IE ( sup ||X^(s) -X„(s)|n = 0. (3.5) 

m^+oo \t<s<T 



(Hi) If in addition {2.J^ holds then there exist constants ci > 0,C2 > (depending 
only on T,M, with C2 depending also on \\x\\) such that 

IE ( sup e'^^^ll^"^')'! ) < 6"^=^ (3.6) 

\t<s<T J 

Remark 3.2. It follows from the proof that hS. d) is also satisfied for the processes with 
the same constants Ci,C2. In particular this implies that there exists a constant C(||a;||,T) 
such that for every n, m 

IE ( sup e'^ill^"(^)l') < C{\\x\\,T) (3.7) 

\t<s<T J 

with the same estimate being also true for the processes X„. 



Proof, (i) This is a standard result, see Theorem 9.29 in fU]. 

(a) We will need two general results on convergence of stochastic and deterministic 
convolutions, Propositions 13.31 and 13.41 The proof of Proposition 13.31 will be postponed to 
the Appendix and the classical proof of Proposition 13.41 will be omitted. 

Denote by £ the space of all predictable processes ip{-) whose values are linear oper- 
ators from the space Q^/'^{H) into H, equipped with the scalar product 



+ 00 



71=1 



Here (e„) is any orthonormal basis in H. Moreover two operators on H, even unbounded, 
identical on Q^^'^{H), are identified. The norm on C is given by the formula. 

IE J \\ij{s)Q^/^l^dsj < +00. 

Proposition 3.3. Let L{t) be a square integrable Levy martingale in H with the covari- 
ance operator Q, and ip E C Then the processes 

[ S{t- s)ilj{s)dL{s), [ Sx{t- s)'^{s)dL{s), t e[0,T], A > 0, (3.8) 
Jo Jo 

have cddldg modifications and 

lim IE sup II [ S{t- s)ilj{s)dL{s) - [ Sx{t - s)iIj{s) dL{s)f = 0. (3.9) 

A-s>+oo o<i<T Jo Jo 

Proposition 3.4. Assume that is an H -valued predictable process such that 



IE 

Then the processes 



[ U{s)fds <+oo 
Jo 



[ S{t- s)ip{s)ds, [ Sx{t- s)ij{s)ds, t e [0,T], A > 0, 
Jo Jo 

have continuous modifications and 

II l|2 

lim IE sup / S{t — s)ip{s) ds — / Sx{t — s)^p{s) dsn =0. 

A-s>+oo o<t<T Jo Jo 

We can now proceed with the proof of (u). Let X denote the space of all cadlag, 
adapted to the filtration J^t, i^-valued processes X, equipped with the norm | ■ |o: 

1/2 



|X|o = ( lEsup||X 

t<T 
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Define transformations /C„, ICnm, , n, m = 1, 2, . . . by tlie formulae, 

}Cn{X){t) = S{t)Xo+ [ S{t-s)F{X{s))ds+ [ S{t-s)G{X{s-))dLn{s), 

Jo Jo 

)CnmiXm = Sm{t)Xo+ [ Sm{t - s) F {X {s))ds + [ (t - s)G'(X (s-) (s) . 

Jo Jo 
It will follow from the first part of the proof of Proposition 13.31 that the processes /C„(X), 
}Cnm{X) have cadlag modifications. Moreover, as in the proof of existence of mild solutions, 
see e.g. [2T] and using arguments similar to the proof of (19.11) one can show that for 
arbitrary a G (0, 1) there exists such that all transformations /C„, /C„ satisfy Lipschitz 
conditions on X with a constant smaller than a. Moreover processes are unique 

solutions in X of the following fixed point problems 

X = JCn{X), X = ICmn{X). 

Therefore, it is easy to see, that to prove the results it is enough to show that for each 
X eX, 

lim/C„„(X) =/C„(X), 

m 

and this follows from Proposition 13.31 [3^ The case of arbitrary T > follows by repeating 
the same argument on intervals [0, T^], [T^, 2Ta],. . . ,[{k — l)Ta, kTa], where kT^ > T. 

{Hi) Without loss of generality we will assume that t = 0. We will denote by TCn{dt, dz), 
respectively vr^((it, dz), k > 1, the Poisson random measure for the process L{nt), respec- 
tively L^{nt), where L^{nt) is the process L{nt) with jumps restricted to size k. It is easy 
to see that the intensity measure of L{nt) is equal to nv{dz) and the intensity measure of 
L^int) is equal to nu^{dz), where p^i^dz) = X{\\z\\<k}^idz). 

Denote by X^^, m,k = 1, 2, ... the solution of (13.11) with A replaced by Am and L„ 
replaced by L^, where = y^L^{nt). We will show (13. 6 p for the processes X^*^ and then 
pass to the limit as A; — > +oo and m — )■ +oo. 

Let /z. : M — 7- M be a smooth even function such that hifi) = 1, /i is increasing on 
(0, +oo), /i'(0) = 0, \h'{r)\ < l,h{r) > (1 +r)/2 for r > 0. (We can take for instance 
h(r) = Vl + r^-) For / > denote by r/ the exit time of X™'^ from {\\y\\ < I}. Let a > 
be a number which will be specified later. By Ito's formula, see |T9], Theorem 27.2, p. 
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190, we have 



gne— (=^-i)h(||X™'=(sArO||) ^ ^nh{\\x\\ 



iAr, 



+ 



)dr 



+ 




JH 



^ne— '■M||X-'=(r-)+^G{X™'=(r-))2||) _ ^ne-^^ hi\\X:^>' (r- 



e e 



ne— '■Mli^r'=('--)il)/i'(X^''(r-))( 



„ „ ,G(X:-^(r-))z) 



(3.10) 



To proceed further we compensate the measure vr and recall that stochastic integrals with 
respect to the compensated random measures form martingales. Thus taking expectation 
in (13.101) . using (12. 4p . (13. 4p . martingale property, the fact that {—Amy,y) < for y G H 
and 1 + r < 2h{r), we therefore obtain 

jggne-"(''^^)/i(|jX™'=(sArO|i) < ^nhi\\x\\) 



+ 1E 
+ 1E 



^^_„,^„e— MII^^MII) [^-(1 + ||X^^(r)||) -«/i(||X^^(r)||)] dr 



sAti 







H 



vmk/„ 



-,G{X^\r))z) 



< Qrih{\\x\\) _|_ 

+ 1E 



sAti 



(2C-a)M||X-^(r)||)rfr 



v{dz)dr 



(3.11) 



sAr; 



I{r)dr, 



where /(r) is the integrand of the last term in the middle line of (13.111) . Applying Lemma 
Oto the function f{x) = e'^^'^'^'^dl^lD we have 



J(r) 



'H 



1 rl 




^0 
1 



n{D'f [ X;f{r) + -G{XT{r))z ) -G{Xr{r))z 



ta 



n 



n 



n 



G(X^'^(r))z) adtda 



(3.12) 



v{dz). 



Elementary calculation gives us 

D^f{x) = ne-"'^e""""''''(ll^ll)(nV^i(x) + V^2(a;)), 
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where 



V^i(x) = e-"'-(/i'(||x||))^— ® 



XII iixll ' 



Mx) = ( h"{\\x\\) - + ^^i. 

\ / If If If 

We observe that both ipi, il)2 are bounded as functions from H to L[H). Therefore 

j(^) < e"e-"'"'»(ll^;r'=Mll) f /^M^e""'' 

Jh Jo Jo 

< e-^""''Mll^rMII) f M^e-^'^e^^ll^H^ 11^1 Hoc + ||^2||oo)lkf ^^(rf^) 
Jh 

Jh 

(3.13) 



for some Mi, M2 > 0. Plugging (13.131) into (13. lip , choosing a = 2C + M2 + 1 and recalhng 
that h{r) > 1 we thus obtain 

jggne-"(»'^-i)/.(||X™'=(sArO|l) + / ne'^'r ^ne-'-h{\\X^'' {r)\\) ^ ^nh{\\x\\) 



which in particular implies that 

Since limi^+oo(7' A r;) = T a.s., letting / — )• +00 and using Fatou's lemma we obtain 

We can now send k +00, employ once again Fatou's lemma and the fact that X^^{s) — )■ 
X^(s) a.s. (at least along a subsequence). This can be shown using the arguments from 
the proof of (ii). This way we arrive at 

jggne— -/i(||X-(s)||) ^ ^nh{\\x\\)_ (^3_^4^) 

We can now go back to Ito's formula (13.101) but apply it to the function e^^ 
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the process and without stopping time. It yields 



62 



f e— Mll^rWII) = p%H\\x\\) 
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/o ^ 

+ / -e 6 2 

'o 2 



ii^rwii 



)dr 



MI|xr(-)ll)/,'(x-(r-))(— ^^^,G(Xr(r-))rfL„(r)) 



+ 




/o 

1 
2 



gf e— '■h(||X™(r-)+lG(X-(r-))^||) _ ^lle"--h(\\Xl^(r~)\\) 



— -e e 



TTnidr, dz). 



■\\X^{r-) 

Arguing hke in (13. lip and fl3.13p . applying supo<s<r to both sides and taking expectation 
give us 



IE sup e?^""'''^"^"^')") < et^dl^ 

0<s<T 



n 



+ IE sup 

0<s<tJo 2 

+ IE sup 



^-ar^^e-"-h{\\X^{r)\\) 



0<s<T 

+ IE sup 

0<s<T 



n 



{2C + M,-a)h{\\X::^{r)\\)dr 



2^ ^ ^^^\\X-ir-)\\ 



G{X^{r-))dL^{r)) 




Ji? 



-^e-et--'^("^'^(-)ll)/.'(Xr(r-))(^|-j^,G(Xr(^ 



Tinidr, dz) 



(3.15) 



Denote 

X(s) = 



.G(X™(r-))rfL„(r)). 



Then X is a square integrable martingale. From the definition of the quadratic variation 
process, see [23], 

E[X, N]t = 1EX2(T). 
Therefore, from the Burkholder-Davis-Gundy inequality [23], [21], 



IE sup |X(s)| < CilE[X,X]| < Ci(lE[X,X]r)2 = Ci(EN'^{T))^ 

0<s<T 







In 

< M3n2e2 



Mll^'ll) 



(3.16) 
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for some constant M3 > 0, where we used (13.141) to get the last inequahty. As regards the 
last term of (l37[5l) . by Theorem 8.23 of [21], 



IE sup 

0<s<T 



JH 



iie-"'-h(|iX™(r-)+iG(X-(r-))^||) _ lie-"- h(\\Xl^ {r- 



g-argte-"'-fe(ll^r('-)ll)/^/(X^(^_))( y ^ G'(X^(r-))z) 



r- 



nn{dr, dz) 



JH 



gf e-"-/i(||X™(r)+iG(X-(r))^||) _ ^^e-'--h(\\X^(r)\\) 



< Mine 



--e e 



tMll^li) 



-,G(Xr(r))^) 



v{dz)dr 



if we once again argue like in (I3.13P and then use (13.141) . 

Therefore, plugging (I3.16P and (I3.17P in (I3.15p we finally obtain 

IE sup et^""'''(ll-^"WII) < Mgnet^dl^ll) < e*^6n/i(||:r 

0<s<T 



(3.17) 



for some Mg > 0. We can now pass to the limit as m — )■ +00 using (13. 5p and use that 
(1 + r)/2 < h{r) to complete the proof. I 



Proposition 3.5. Let < t < T and let ^2^) - 1(27^) be satisfied. Let X„(s), and F„(s) 
are solutions of liS. 1\) with initial conditions x and y respectively. Then 



and 



for some modulus u^. 



lE||X„(s) - Yn{s)\\ < Ci(r)||x - y\W, 
]E\\X4s)-x\W<C2i\\x\\,T){s-t), 

lE||Xn(s) -xf <uj^{s-t) 



(3.18) 
(3.19) 

(3.20) 



Proof. The proofs are rather typical for these kinds of estimates. We first show (I3.18p . 
By Ito's formula we have 



1 = \\x-y\\-i 

+ 21E^'[(Xr(r) - FrW, A:;,i?(Xr(r) - YTM)) 

+ inxi^ir)) - f{y:^{t)),b{x::{t) - rrM))]^^ 

+ r [ ||[G(X™(r))-G(FrW)]^ll-iKrf^)^r. 



(3.21) 
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Using f l3.5p and moment estimates (l3.7p for X™ and we can pass to the limit above to 
obtain that ( ]3.2ip is still true if and are replaced by X„ and F„ respectively and 
is replaced by A. We then use ([2A]), and to get 



lE||X„(s)-F„(s)f_, < 

+ (2co + M||55||)E^ ||X„,(r)-F„(r)f_^t/r 



+ — ^ 



|X„(r)-y;(r)||M|^fz.(dz)dr 



t JH 



< \\x-y\W + C ]E\\Xn{r)-Y^{r)\\l,dT 

and the claim follows from Gronwall's inequality. 

To show (13.191) we again employ Ito's formula and (12.21) . (12.41) to find that 



E||Xr(s)-x||^ = 2E [-(X™(r),A*i?(Xr(r)-a;)) 

+ {FiX:\T)),B{X:\r)-x))]dT + -JE f [ \\G{X:-{T))z\\\u{dz)dT 

n Jt Jh 

< C{\\xmj\l + \\X^{T)r)dr < C,{\\xlT){s - t). 
As regards (l3.2Up it follows from the definition of mild solution that 

S(s - r)F(X„(r))rfr + S{s - T)G{Xn{T))dLr,{T). 



(3.22) 



Therefore 

E||X„(s) -xf < 4 

+1E 



||5(s-t)x-xf + E 



M(l + ||X„(r)||)rfr 



S{s - r)GiX4r))dL„{r) 
< C (^\\Sis - t)x - xf + (s -tf + W^j^ idr^ 



(3.23) 



where we have used the isometric formula to obtain the last inequality. ■ 
Finally we state for future use the following lemma which can be shown rather easily 
using again Ito's formula applied first to the process X^ and then letting m — > +oo. Its 
proof will thus be omitted. 
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Lemma 3.6. Let the assumptions of Proposition \3.1\ be satisfied. Let t < s < T . Let 

%p = Lf + h{\\ ■ \\) he a hounded test function. Then 



+ (F(X„(r)),D^(r,X„(r))) + (X„(r), A*Dv5(r, X„(r)))]rfr 



t JH 



g^(r,X„(r) + iG(X„(r))^) _ gt/.(r,X(r)) 



,^irMr)) (^^(^^ x„r)), lG(X„(r))^) 



v{dz)dT. 



4 Associated nonlinear integro-PDE 

For g G Cb{H) we define the function 

i;„(t,x) = -logE(e"^(^"(^») , 
n ^ 



(4.1) 



where X„ solves (13. ip . As we have stated earlier one of our main aims is to establish 
convergence of the sequence (f„) and to identify its limit as a solution of a Hamilton- 
Jacobi-Bellman equation. In the present section we investigate the approximating and 
the limiting equations. 

4.1 Approximating equations 

We first show that for each n the function f„ is a viscosity solution of an integro-PDE. 

Theorem 4.1. Let li2.S^) - (275\) he satisfied and let g G Lip^(if_i). Then there exist a 
constant Ci and, for every R> 0, a constant C2 = C2{R) (hoth possihly depending on n) 
such that 

\vn(t,x) - Vn{s,y)\ < Ci\\x - + (max{ || x || , \\y\\})\t - 

forx,yeH,t,se[0,T] (4.2) 

and Vn is a viscosity solution of an integro-PDE 



^Vn(T,x) = g{x) in {0,T) X H. 



(4.3) 
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Proof. Estimate (14. 2 p is a direct consequence of ( I3.18p . ( I3.19p . and the Markov prop- 
erty of the process X„. The proof that f„ is a viscosity solution of ( 14. 3p is similar to the 
proof of Theorem 7.1 in [29]. We will only show that Vn is a viscosity subsolution since 
the supersolution part is similar. 

Suppose that f„ — h{\\ ■ \\) — ip has a global maximum at (t,x). Since f„ is bounded 
by Remark 4.3 of [29] without loss of generality we can also assume that h, h', h" and (p 
are bounded. Denote ip{s,y) = h{\\y\\) + ip{s,y). Then for small e > 

Vn{t + e, Xn{t + e)) - ij{t + e, X„(t + e)) < Vn{t, x) - ^(t, x). 

Therefore, setting Un = e^^" we have 



Unjt + e, Xnjt + e)) ^ ^n^(t+£,X„(t+e))^-ni/;(t,a:) 



which, upon taking the expectation of both sides of the above inequality and using the 
Markov property of produces 

Therefore, applying Lemma 13. 6[ we obtain 



< IE- |e'"^(*+^''^"(*+')^ - e"'^^*'^)} 



< lE- 



t+e 



+ {F{Xn{T)),D^{T,X^{T)))dr - {X^{T),A*Dip{T,X^{T)))]dT 



+1E- 

e 



t+e 



gn,/.(T,X„(T)+iG(X„(r))^) _ gn(V(r,X„(r)) 



t JH 



u{dz)dT. 



(4.4) 



Using (I3.20p . ( 12. 2p . boundedness of ■?/', uniform continuity of ipy'ipt, Dip, A* if, and moment 
estimates (in particular (13. 6p ) it is easy to see that 



lE- 



ne-^(-'^-(-)^[^,(T,Xr,{T)) 
+ {F{Xn{r)),D^{T,Xn{T)))dr - {X^{r),A*Dip{T,X^{T)))]dT 



t+e 



ne 



nip{t,x) 



X 



+ {F{x), Dipit, x))dT - {x, A*D^{t, x))]dT + o(e) 



(4.5) 



16 



As regards the other term, by Lemma (E3D, (ED, (ESD, (ESD, dM]), boundedness 
of ip and uniform continuity of Dip, D'^ip, we have 



e 



,n^(r,Js:„(T)+iG(X„{T))z) _ n^(T,X„(T)) 



u{dz)dT 



E- 

e 




1 /.I 



/^2gn^(r,X„(r)+s<xlG(X„{r)).) iG(Xjr))z, 

n 



t JHJO Jo 

G{Xn{T))z)ads dav{dz)dT 



n 



< 



]E- [ \ [ [ {D^e''^^''''+"'^'^^''^'^-G{x)z,-G{x)z)adsda 

^ Jt JhVJo Jo n n 



+ ||X„(r)f + \\zf)\\zfuj{\\X^{r) - x\\{l + ||^| 



n 



t+e r f 

/ [ 

.JH 



u{dz)dT 



dr. 



(4.6) 



(Above uj,uJi are some modului and Ci,C2 are constants, all depending on ip.) Therefore 
plugging f l4.5p and (14. 6p into f l4.4p and sending e — )• we obtain 

< ne''^(*'^) [Mt^x) - {x,A*Dip{t,x)) + {F{x), DiP{t, x)) 



+ 



H 



^nm,x+lG{x)z)-^[t,x)) _ ^ _ I^D'lP{t,x),G{x)z) \ u{dz) 



which completes the proof after we divide both sides by ne^'^^*'^\ ■ 

4.2 Limiting Hamilton-Jacobi-Bellman equation 

The limiting equation (obtained by letting n — )■ +oo in (14.30 ) can be formally identified 

vt + {-Ax + F(x), Dv) + Hq{G*{x)Dv) = 
v{T,x) = g{x) m{0,T)xH, 



as 



(4.7) 



where 



Ho{p)= [ [e^^'^^ -l-{p,z)]u{dz). 

JH 



It is the Bellman equation corresponding to a deterministic control problem. For < t < 
T, X E H, and m(-) E Mt = {u : [t,T] ^ H : u is strongly measurable} we consider the 
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state equation 

X'{s) = -AX{s) + F{X{s)) + G{X{s))u{s), X{t) = x, (4.8) 
and we want to maximize the cost functional 

J(t, x; u{-)) = ^ -Lo{uis))ds + g{X{T)) 

over all controls u{-) G Mj, where Lq is the Legendre transform of Hq, i.e. 

Lo{z) = suv{{z,y)-H,{y)}. (4.9) 

The value function for the problem is 

v{t,x) = sup J(t, x; «(■)). (4-10) 

u{-)eMt 

The Hamiltonian i^o and Lagrangian Lq are both convex. By (12. 5p and the definition 
of Hq we see that < Hq^i/) < +oo for every y E H, Hq{0) = 0, and Hq is locally Lipschitz 
continuous on H. Therefore Lq{0) = 0, Lq{z) > for every z E H, and moreover 

Lo{z) > \\z\\ - Ho{yj^) ^ +00 as ||2;|| -> +00 (4.11) 

(but Lq can possibly take infinite values). Since g is bounded it is then obvious that 

v{t,x) = sup J(t, x; «(■)), 

where ^ 

Mt = {u{-)eMt: Lo{u{s))ds<K = 2\\g\\^}. (4.12) 

We will need the following simple lemma. 

Lemma 4.2. For every e > there exists a constant = N^{v) such that for every 

zeH 

\\z\\ < eLo{z) + N,. 
Proof. It follows from (gl]), ([23]), and Lo(0) = that 

||2;|| = {ez, < Lo{ez) + Ho{^) < eLo{z) + N,. 

e -2 e z 
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Lemma 4.3. Let be satisfied. LetO<t<T and u{-) G Mf Then: 

(i) There exists a unique mild solution X G T]; H) of (^7^. Moreover there exists a 
constant Ci = Ci(T, K, M) such that 

sup < + 11x11). (4.13) 

t<s<T 

(ii) There exists a constant C2 = C2{T, K, M, cq, ||i?5||)^ such that if X , and Y are solu- 
tions of l!i4-8\ ) with initial conditions x and y respectively then 

\\X{s)-Y{s)\U<C2\\x-yU fort<s<T, (4.14) 

{Hi) For every R> there exists a modulus ujr, depending on R,K,T, ||y4*i?||, such that 
if \\x\\ < R then 

\\X{s)-x\\^i<ujR{s-t) fort<s<T, (4.15) 
and for every x E H there exists a modulus cOx, independent of u{-), such that 

\\X{s) - x\\ < uJx{s - t) fort<s<T. (4.16) 

Proof. We first notice that by Lemma [4.21 (applied with e = 1) 

\\u{T)\\dT < K + Ni (4.17) 



for every u{-) G M^. Therefore the existence and uniqueness of a mild solution of (14.81) 
and estimate fl4.13p are well known. We refer for instance to fT8j, Chapter 2, Proposition 
5.3. 

To show (14.141) we notice that 



\\X{s)-Y{s)\\\ = \\x-y\\\-2 {A*B{X{r)-Y{T)),X{T)-Y{r))dT 

+ 2 I\b{X{t) - Y{t)\ F{X{t)) - F{Y{r)) + (G(X(r)) - G(r(r)))^(r))rfr 

and therefore using (12. ip . (12. 2p and (12.30 we have 

ll^(^) - Y{s)\\\ < ||x - y\\\ + Cj^^ \\X{t) - Y{r)\\\{l + \\u{r)\\)dT. 

Therefore (14.14p follows from (14.170 and Gronwall's inequality. 
To prove (I4.15P we write 

||X(s) - x\W = -2 ^ {A*B{X{t) - x),X{T))dT 

+ 2 ^ {B{X{t) - x), F{X{t)) + G{X{r))u{T))dT 
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and thus using (E2D-(E1D, and Lemma S^l we obtain 

\\Xis)-x\W< j^' Cnil + lHrmdr 

< tCn ^ L{u{T))dT + CrN,{s -t)< tCnK + CrN,{s - t). 

Therefore we obtain fl4.15p with 

ujR{T)=M{eCRK + CRN,Tf^. 
Estimate fl4.16p is proved similarly noticing that 

\\X{s)-x\\ < \\S{s-t)x-x\\+ Cr{1 + \\u{T)\\)dT. 

■ 

The definition of viscosity solution of fl4.7p is the same as Definition 12.41 after we 
disregard the nonlocal part and of course it is enough to have test functions which are 
only once continuously differentiable. For more on viscosity solutions of first order PDE 
in Hilbert spaces we refer to [TJ [U [18] . 

Theorem 4.4. Let li2.S\) - [K4\ ) be satisfied and let g G Lip^(if_i). There exist a constant 
Di and, for every R > 0, a modulus ojr such that the value function v satisfies 

\v(t,x) - v{s,y)\ < Di\\x - y\\-i + UR{\t - s\) forx,yeH, \\x\\, \\y\\ < R,t,s e [0,T]. 

(4.18) 

Moreover v is a viscosity solution of the HJB equation ( [/^.7p . 

Proof. The proof is very similar to the proof of Theorem 7.3 in [29]. We include it 
here for completeness. 

The Lipschitz continuity in x follows from (14.140 and the fact that g G Lip^(if_i). 
To show the continuity in time let x & H and s < t and let e > 0. Let u^{-) G Mt be such 
that 

v(t, x) < J(t, X] Ue(-)) + ^■ 

Extending u^{-) by to [s,T] we can assume that Ue{-) G Mg. Therefore 

v{s, x) — v(t, x) > J{s, x; Me(-)) " 3;; u^{-)) — e 
> g{X{T; s, x)) - g{X{T; t, x)) + e > -C2D2UJr{\s - t\) - e, 

where we have used (14.140 . (14.150 . and D2 is the Lipschitz constant of g. For the opposite 
inequality if Ue(-) G Ms is such that 

v{s, x) < J(s, x; u^{-)) + e 
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then u^{-) e Mt and by dHH]), (HTT^ we again have 

v{s, x) — v(t, x) < J(s, x; Ue{-)) + e — J(t, x; Ue{-)) 
<g{X{T;s,x))-g{X{T;t,x))- [ L^{u,{r))dr + e 

J s 

<C2D2Un{\s-t\) + e. 
Therefore since e was arbitrary we have obtained 

\v{s,x) - V{t,x)\ < C2D2Ur{\s - t\). 

We will only show that f is a viscosity subsolution as the proof of the supersolution 
property is similar but easier. We will use the dynamic programming principle. It asserts 
that ifO<t<t + e<T,xeH then 

v{t,x)= sup I /" -Lo{u{s))ds + v{t + e,X{t + e))\ . 

Let now v — (p — h{\\ ■ ||) have a local maximum at (t, x). By the dynamic programming 
principle for every < e < T — t there exists a control u^{-) such that. 

/t+e 
-Lo{u,{s))ds + v{t + e, X,{t + e)) + 

We recall that in particular this implies that u^{-) is integrable. 

Denote ip{s,y) = —Lp{s,y) — h{\\y\\). For simphcity we will write h{y) := h{\\y\\). 
We have 

ip{t + e,X,{t + e)) = ip{t,X,{t)) + J'' [-{X,{s),A*Dip{X,{s))) 
+ {F{X,{s)) + G{X,{s))u,{s),D^{X,{s)))]ds 

and 

/t+e 
(F(X,(s)) + G{X,{s))u,{s), Dh{X,{s)))ds. 

The first equality above is proved for instance in |18], Chapter 2, Proposition 5.5 and the 
inequality is also standard and can be shown using Yosida approximations similarly to 
what we have done in the stochastic case. 
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Using this we therefore have 



-e < -{v{t + e, X,{t + e)) - v{t, x)) 



1 /■*+^ 

<-{ip{t + e,X,{t + e))-ip{t,x) + h{X,{t + e))-h{x))- / L{u,{s))ds 



< 



1 



t+e 



ipt{s,X,{s))-{X,{s),A*Dip{s,X,{s))) 
+ {F{X,{s)) + G{X,{s))u,{s),D^{s,X,{s))) - Lo{u,{s)) 

ipt{s,X,{s)) - {X,{s),A*Dip{s,X,{s))) 
+ {F{X,{s)),D^{s,X,{s))) + Ho{G*{X,{s))D^{s,X,{s))) 



ds 



< - 
e 1 -'t 



ds 



(4.19) 



Therefore, using f l4.16p . we can pass to the hmit as e — in f l4.19p to obtain 

< ipt{t, x) - {x, A*Difi{t, x)) + Di^it, x)) + Ho{G*{x)Dip{t, x)). 



5 Existence of Laplace limit 

Define 

Hix,p) = HoiG*ix)p). 

By ( 12. 3p . ( 12. 4 p and local Lipschitz continuity of Hq we have that for every R > there 
exists a constant Kfi such that 

\H{x,p)- H{y,q)\ < Kji{\\x -y\\^i + \\p- q\\) for all x,y,p,q G H, \\p\\, \\q\\ < R. (5.1) 

The theorems below are our key results on the existence of the Laplace limit. 

Theorem 5.1. Let Ili2.2\) - I[275\) hold. Let g G Lip^(if_i). Let f„ be bounded viscosity solu- 
tions of Iji4-'^ ! V be a bounded viscosity solution of 7| j such that 

\im{\vn(t,x) — g{x) \ + \v(t,x) — g{x)\} = 0, uniformly on bounded sets (5.2) 

for every n and 

\v{t,x) -v{t,y)\ < Di\\x - (5.3) 

for some Di > and all t E {0,T],x,y E H. Let K := ||f ||oo + sup,„ ||fn||oo < +c>o. Then 

\\vn — v\\oo — !■ as n ^ +oo. (5.4) 
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The proof of this theorem is postponed until the end of the section. 

Remark 5.2. We point out that Theorem I5.il implies that if li2.S\) - l[27S\) hold and g G 
Lipj(i^_i) then the value function ( [^. of the control problem of Section \4-2\ is the 
unique bounded viscosity solution of (^T^ satisfying ( f5.^) and ( f5. 3\) . 

Let Xn{T) be the solution of (II. 2p (i.e. the solution of (13.11) with t = 0). Theorems 
14.11 14.41 and 15.11 yield the following corollary. 

Corollary 5.3. Let l[2^) - l[2^) hold and let g G Lipf,(i7_i). Then 

A{g) := lim - log lEe"^'^^"^^" =v{0,x), 

where v is the value function defined by ( [^. 

This result can now be easily extended to larger class of functions g. 

Theorem 5.4. Let l\2.^) - l[275\) hold and let g be bounded and weakly sequentially contin- 
uous on H . Then A{g) exists and 

A{g) = v{0,x), (5.5) 
where v is the value function defined by ( [^.i^ . 

Proof. We use exponential moment estimate (13. 6p and the fact that g can be approx- 
imated uniformly on balls in H by functions in Lip^(if_i). Since (15. 5p is true for every 
g G Lip^(i7„i), it will be preserved in the limit. Since the argument is rather standard it 
will not be repeated here. Instead we refer to the proofs of Lemma 7.6 and Proposition 
7.7 of [29]. ■ 

We now pass to the proof of Theorem 15.11 

Proof of Theorem 15. 1[ If (15. 4p is not satisfied then without loss of generality we 
can assume that there exists e > and a subsequence Uk such that 

sup(t;„^ — v) > 4e. (5.6) 

Let a > be such that aT < e and let m > be such that 

r)2 D n 

m>K + ^, and ^{co + M\\b'^\\) + . < -. 

em m 2Di\\b^\\+i 2 



Let i/j : [0, +00) — )■ [0, +00) be a smooth and nondecreasing function such that ilj{r) = r 
dor < r < 1 and ilj{r) = 2 for r > 2. For each k we choose fik > such that 

sup(w„^ - V- ) > 3e. 

V S 



2 
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For (5, /3 > we now consider the function the function 

s, X, y) = Vn^, (t, x) - v{s, y) - a(T - t) 



l^k l^k _^u\\^ ..112 N - ■5) 



t J -y\\^i, 



2/3 



5^ 



(5.7) 



Since $ is 5-upper semicontinuous, 

By a perturbed optimization technique of [8] (see page 424 there or [18], Chapter 6.4), 
which is a version of the Ekeland-Lebourg Lemma [H], we obtain for every sufficiently 
big i > elements Pi^qi G H and aj,6j G M such that + + |aj| + \bi\ < 1/i and 
such that 

$(t, s, X, y) + ait + 6jS + {Bpi, x) + (5gj, r) 

has a global maximum over [0, T] x at some points t, s, x, |/, where < t, s. Following 
standard arguments (see for instance [U]) is is easy to see that 



lim sup lim sup lim sup 5(a/1 + + a/1 + ||yP) = for fixed k, (5.8) 

<5^0 /3^0 i^+oo 



(t - s)2 

lim sup lim sup — = for fixed k,5. 

13^0 j-s>+oo 2p 



(5.9) 



Moreover it is clear that V^(||x — i) = \\x — yW^^i and, since $(t, s, x, x) < $(t, s, x, ?/), 
we obtain 

ni\\x - yll^ 1 < Di\\x - y\\^i + (5A/rT]M^+ {qi,y - x) 

which, in light of (15. 8 p and the fact that ||x||, |||/|| < q for every i for some constant c^, 
implies 



lim sup lim sup lim sup m||x — < Di. 

5^0 13^0 i->-+oo 



(5.10) 



Therefore, by (15.61) . (15. 8p . (15. 9p . (I5.10p and the definition of m, for small 6,13, and big i 
we have < i,s < T. 

We now use (15.71) and the definition of viscosity solution to obtain 

- a - Oi - ^ + ^——^ - (x, A*B{2m{x - y) - Pi)) 



+ ( F{x),2mB{x - y) 



5x 



^112 



+ 



nkrn{i,{\\x+:lj-G(x)z-y\Z^)-^{\\x-y^^^^^^ 



(5.11) 



1-/ 



5x 



2mB{x-y) + ■ 

\ x/l+ X 2 



v{dz) > 
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and 

+ if + ^ - ^*(2m5(x -y + g,))) + ( 2mB{x - y) - '^^„_„^ + 



+ if (y, 2mB{x - y) - + Bq) < 0. 

(5.12) 

But 

g«fe(V'(l|5;+^G(x)^-y|jii)-i/-{|lS-g||2_j))+5„,.(yTTp+^G(^^ 

(5.13) 

{2mB{x-y)+ - Bp„G{x)z)+ak{z) ^ ' 

= g Vl + ll^ll ^ 

where for small 6, /3 and big i 

Wk{z)\ < C„min(||5;||, ) 

nk 

for some constant Cm independent of k. Using this in fl5.1ip we therefore obtain that for 
small 5, (3 and big i 

-a-ai-^ + ^—^ - (x, A*B{2m{x - y) - Pi)) 
p 

6x 

+ ( F{x), 2mB{x -y)+ _ - Bpi 



^/TT\\x\\^ 

+ H{x, 2mB{x -y)+ , - Bp,) > - / " u{dz) 

a/I + ||a;P J{\\z\\<i} "-fc 



(5.14) 



^ / g(2D,||B|l.+i)M||.||(g.,(.) _ > -u;(A;,5,/3,z), 

Apii>i} 

where limfc_>.+oo linisup^_5.o limsup^_^Q limsupj^^o^ ci;(fc, 5, /3, z) = by (12. 5p and the 
Lebesgue dominated convergence theorem. 

Combining([5l2D and f lCTj) and using (jEHD, f lSTTOj) . (Q, (Q, we thus obtain 

a < -2^ + 2m(co + M||5i||)||x - y\W + K^^^^^^.^^Jx - yU + ^i{k, '5, AO 

< ^(co + Mllfi^ll) + -^K . +u;,{k,6,P,t) (5.15) 

where limsup;j^_,_oo limsup^^o l™sup^_>.o limsupj_^+o^ a;j(A;, /3, 5, i) = for fixed j = 1,2. 
This yields a contradiction after we send i — )■ +oo, /3 — > 0, 5 — > and then k — )■ +oo. 

Similar argument gives us that lim„_>+oo sup(f — f„) = and therefore (15. 4p follows 
for some modulus u. I 
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6 Large deviation principle 

Let be a Hilbert space such that H G V and H V is compact. We remark that on 
every closed ball in H, the topology of V is equivalent to the weak topology in H. We 
have the following large deviation result. 

Theorem 6.1. Let Ii2.^) - I[275\) hold. Let T > 0,x G H, and let X„ be the solutions of 
1^1. Then the random variables X„(T) satisfy large deviation principle in V with the 
rate function 



(where the liminf above is taken in the topology ofV). 

Proof. By Bryc's theorem (see for instance [10], Theorem 1.3.8) to show that X„(T) 
satisfy large deviation principle in V it is enough to prove that X„(T) are exponentially 
tight in V and that for every g G Cb{V) the Laplace limit A{g) exists. Since closed balls in 
H are compact in V, exponential tightness of Xn{T) follows from the exponential moment 
estimates (13. 6p . Since every g G CbiV) is weakly sequentially continuous on H, the Laplace 
limit A.{g) exists by Theorem 15. 4[ It remains to prove the representation formula for the 
rate function. We recall that 



I{y) = liminf inf 

z^y u(-)eMo 




(6.1) 




where X{0) = x. 

We have (see [10], page 27 or [13], page 47) 



sup {-A(^)} 

3eC6(y),g(j/)=o 



sup mi I / 

SGCi,(y),9{j/)=0,(;>0"{-)GJ\/o Jq 




Denote the right-hand side of (16. ip by Ii{y) and for m > define the function 



gm{,z) = m\\z - y\\v, 



where 



y is the norm in V . Then for m, > 1 
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Therefore, letting m — )• +00 we obtain 

I{y)> inf { r Lo{u{s))ds■.\\X{T)-y\\v<- 
which imphes I{y) > hiy). To show the reverse inequahty, for g G CbiV) let be a 
modulus of continuity of (7 at Then for n > 1 we have 

inf ( r L,{u{s))ds + g{X{T))\ 

u{-)(iMo [Jo J 

< inf [ f L,{u{s))ds-.\\X{T)~y\\y<-\+ul(-). 
Taking the lim inf „_>+oo in the above inequality and then supremum over g gives us I{y) > 

hiy). ■ 

Remark 6.2. Since if LQ{u{s))ds < n the solution of \4-^ with X(0) = x satisfies 
||X(T)|| < Cn for some absolute constant Cn it is clear that I{y) = +00 if y eV\H. 

In some cases liminf^-j.^, can be removed from (16.11) . We present below one such case. 

Proposition 6.3. Suppose that, in addition to the assumptions of Theorem \ 6.1l there 
exists p > 1 such that 

\\zf <C{l + Lo{z)) forallzeH, (6.2) 



and that for every x E H and K > there exists a modulus uj^^k such that if X satisfies 
(g^j, X(0) = X, \Hs)\\Pds < K, then 

X{si)-X{s2)\\v<u:.,k{\si-S2\) for all Si, S2 e [0,T]. (6.3) 



Then 

I(y)= inf If Lo(u(s))ds : X satisfies (n:^,X(0) = x,X(T) =y\ . (6.4) 
u(-)eMo [Jo J 

Proof. To show (16.41) . suppose that X^ satisfies (14.81) with «„(■) € Mq, Xm{0) = 
X, Xm(T) = Zm, where — )■ ?/ in V, and 



/ LQ{u{s))ds — )■ a G M as m — )■ +00. 
Jo 



Then by (I4.13p . (16. 2p and (16. 3 p the family {X^} is equibounded in H and equicontinuous 
in V and since balls in H are compact in V, by the Arzela-Ascoli theorem a subsequence, 
still denoted by X^,, converges uniformly in C[0,T];l^) to Y : [0,T] H which also 
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satisfies f l6.3p . Moreover we can assume that Um ^ u in Lp{0,T; H) for some u. By tlie 
definition of mild solution for < s < T 



s 



XUs) = S{s)x+ / Sis-T){F{XUr)) + G{XUr))uUr))dT. 
Jo 

Since the topology of V on closed balls of H is equivalent to the weak topology in H, we 
have that suPq<^<j. ||Xm(r) — F(r)||_i — )■ as m — )■ +00, and thus 

sup (||F(X„(r)) - F(r(r))|| + ||G(X^(r)) - G(r(r))||) ^0 as m ^ +00. (6.5) 

0<T<T 

Therefore (I6.5p . combined with Um ^ m in L^(0, T; H), yields that for every p E H 
{Y{s),p)= hm (X„(s),p) 

S{s)x+ [ S{s-T){F{Y{T)) + G{Y{T))u{T))dT,p 

Jo 

This means that Y is the mild solution of (14. 8p with u{-) G Mq, Y{0) = x, Y{T) = y. 
Since Um ^ u in Lp(0, T; H) 

k 

Y^XSm^^u in LP{0,T-H) (6.6) 

i=l 

where for every A; > 1, X]i=i — ^ infi<i<fc^f > k. Moreover, upon taking another 
subsequence, we can assume that we have pointwise convergence in (16. 6p a.e. on [0,T]. It 
now follows from Fatou's lemma that 

/ LQ{u{s))ds = / lim LqIS^ X'lu^k{s))ds 
Jo Jo ^^+°° ~^ 

f-T k k „T 

< liminf / LqCS A^m fc(s))(is < liminf N / Lo(u k(s))ds = a 

fc-5>+oo /n ^ — ^ ' k~^+oo ^ — ^ /n ' 

''^ 1=1 i=l ''^ 

which completes the proof. ■ 

Remark 6.4. Condition Ii6. 3\) is satisfied for instance if S{-) is a compact semigroup. 
We also remark that in the above proof, h2. ^) cannot be replaced by l\2. 8\) even if \2. 7| j is 
satisfied. 

7 Examples of noise processes 

We will consider two specific cases of small perturbations: compound Poisson processes 
and subordinated Wiener processes. We will try to calculate the functions 

Ho{p)= f y''''^-l~{p,z)]uidz), (7.1) 



H 



Lo{z)=snp{{z,y)-Hoiy)}. (7.2) 

y&H 



28 



7.1 Compound Poisson noise 

Let L be a compound Poisson process with the Gaussian jump measure v = N{0, Q) with 
the trace class covariance operator Q > 0, TrQ < +00. It is easy to see, compare also 
Proposition 4.18 in [21], that the operator Q is identical with the covariance of L. It is 
well known, see e.g. [9], that in this specific case for each A; > 

/ ll^lpe'^ll^il v{dz) < +00. (7.3) 
Jh 

To calculate the function Hq{-) remark that for a random variable ^ such that C{^) = u, 

{p,zf v{dz) = ]E(p,0' = (QP,P) = \\Q"M?- 
Moreover, for a real valued random variable rj such that £,{7]) = N{0, 1), 

Consequently 



Thus, in the present situation 



e^P'^^ p{dz) = Ee^"'^ = e^^™. (7.4) 

H 



Ho{p) = e-^'^^P^P^ - 1 = e^ll^^PlI' - 1 (7.5) 

We denote by the pseudo inverse of Q^/^. Since Q^^'^ is self-adjoint we have 

an orthogonal decomposition H = ImQ^/"^ x KerQ^/^ and we notice that Q~^^'^z is the 
unique element pq G ImQ^^^ such that Q~^^'^po = z. For x E H will write x = xq + x-^ to 
indicate the orthogonal decomposition of x. We have the following general result. 

Proposition 7.1. Assume that 

Ho{p) = h{\\Qh\\), peH, 

where Q is a trace class nonnegative operator and h is a convex, even function with the 
Legendre transform I. Then the Legendre transform Lq of Hq is of the form: 



U{\\Q-'/'z\\), zfzelmQ^^ 
\+oo, ifz^lmQ^/'^. 



Proof. Let z = zq + z-^ . li z-^ ^ then 



Lq{z) = sup 
p 



{z,p) -h{\Q^/^p\\) > sup {z^,p^) -h{0) = +00. 
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If z = Q^l^p, p e ImQi/2 = Hi, then 

Loiz) = sup {{z,p) - hi\\Q'/'p\\)) = sup [{p, Q'I'p) - /idlQ^/^pID] 



sup [{p,v) - h{\\v\\)] = sup 



sup - h{t)) 



sup 

t>0 



sup((p,^)t-Mt)) 

\v\\=t \ \\V 



snpmt-Kt)) = im)=K\\Q-'^'4), 

t>0 



as required. 

Let now z G ImQ^^^ \ IniQ^^^- When restricted to ImQ^/"^, Q^l"^ is a positive, self- 
adjoint, compact operator and Q^^l"^ exists in the usual sense. Let {ei,e2,...} be an 
orthonormal basis of Im Q}!'^ composed of eigenvectors of Q}'!'^ . Then z^ = Yl^=i ^ 
ImQ^^^. Let Hn be the linear subspace of H spanned by the vectors {ei,...,e„} and 
P = Pn + Pn^ z = Zn + z^, bc the orthogoual decompositions of p and z with respect to 
Hn and ■ Thus 

Lo{z)= sup [(z,p„+p;[) -/i(||Q^/2(p„+p;[)||)] >sn^[{z,pn)-h{\\Q^'^pn 

Pn+Pn 

> sup [{zn + - /i(||Q^/Vll)] > sup [{zn,Pn) - KWQ^'^p, 

Pn 

= sup [{zn^p)-h{\\Q^/M)]=l{\\Q-'^z, 



Pn 



But the sequence tends to +00 and since /(+00) = +00, L{z) = +00, as 

required. I 
As a corollary we get the following proposition 



Proposition 7.2. Assume that Hq is given by ([y.5| j. Let f : — )■ be the inverse 

1 2 

function to g{a) = ere , cr > 0. T/ien 



zfz^ Imgi/2. 



+00 



Remark 7.3. It is immediate that / is a concave function and for every < a < 2 we 
have 

Vain a: < f{x) < \/2hix, for large x. 
7.2 Subordinated Wiener process 

Take L{t) = W{Z{t)), t > 0, where W is a Wiener process on H, say C{W{1)) = N{0, Qw) 
and Z is a subordinator with the jump measure p on [0,+oo). Thus Z is an increasing 
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process starting from and such that 

IEe-"^W = e-*^("), A>0, 

r+oo 

7/'(A) = 7A+ / (1 -e-^'^)p(rf(T), A>0, (7.6) 



where 7 > and ap{da) < +00, p{da) < +00. If 7 = 1, p = 0, then Z{t) = t, 
t > and we have L identical with the Wiener process W. 

We will assume that 7 = 0, find the function Hq and check under what assumptions on p 
the crucial condition (17. 3p is satisfied. 

It is well known, see e.g. that for the Levy process L, the measure u is of the 

form 

r+oo 

v= \ N{{),tQw)p{dt). (7.7) 



By direct calculations we get that the covariance operator Q of L is equal to, 

r+oo 

Q=[ tp{dt)]Qw = [^Z{l)]Qw. (7.8) 
^0 

To simplify notation we will assume that 

lEZ(l) = 1, and then, Qw = Q- (7.9) 

Therefore, 

Ho{p) = J {e^'''^ -l)iy{dz) = £^(^J {e^P'^^ -l)N{0,tQ){dz)^ p{dt) 



+00 
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Thus 

"+00 



Hq{p) = h{\\Q^/^p\\), where h{u) = / (e^*" - l)p(rft), u>0, (7.10) 



and Proposition 17.11 applies. An explicit formula for Lq can be easily derived. 
Note that 

p+00 p 

|z||Vll^ll'z/(rf2) = / p{dt) \\z\\^e''^\'^\"N{0,tQ){dz) 

H Jo H 



p(rft)iE[||iy(t)||Vii^wii']. 



But C{W{t)) = C{ViW{l)). Therefore 

r+oo 

1= / tp(rft)[lE||l^(l)||V-^ll^(i)ll]. 
Jo 



We will need the following lemma. 
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Lemma 7.4. There exists a > such that for all s > 0, 

Proof. By [I7j, page 55, there exists S > such that 

P(||l^(l)|| >u)< e-'"', u>0. 

Therefore 

P(e^ll^«H >u)du = l + ^(\\W{1)\\ > du. 

Note that 

Substituting u = i^^, du = us dv = se^* du, 

/+00 f + OO / P+OO \ 

g-5(in«/«)2^^^^ y e-'^\^'dv = sij e-^(^-^/(2^»'rft;Je^'/(^^) 



— oo 



The required resuh now follows. 
Proposition 7.5. // 

/ + 00 f+OO 
tp{dt) = l and J e^^ p{dt) < +oo, A > 0, 

then the measure v given by \7. 7| j satisfies ^7.3^ and Hq is given by \7.1C^ . 
Proof. It is enough to remark that, 

lE||W^(l)||V^I''^(i)ll < (lE||iy(l)f )'/'(lEe2'^^"^«ll)'/' < cet'^'*. 



Example 7.6. The assumptions of the above proposition are satisfied if, for instance, 

pidt) = —— dt for a < 1. 
In some cases asymptotic behavior of the function can be determined. 
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Example 7.7. 



p{dt) = l[o,i]{t)-^dt, a<l, 
After substitution, Xa — u, ior X > 1, 



Jo 



Xa 



1)- 



rl+a 



da = — 



/ ^^^+ / 

Jo « ii 



Thus, for large A, 



e^" - 1) 



rl+a 



< A" 



da ~ cA"e^ 



Remark 7.8. In the considered examples, the Legendre transforms Lq of Hq were of the 
form z G H. Thus the control system, which defines the rate function, can be 

written in a more convenient way. 



X'{s) = -AX{s) + F{X{s)) + G{X{s))Q^/\{s), X{t) = x, 



(7.11) 



and to find the rate function one has to look for the infimum of the cost functional 

cT 



J{x;u{-)) 



l{u{s))ds + g{X{T)) 







over all controls u{-) E Mq. 



8 Stochastic PDE of hyperbolic type 

We present an example of a class of stochastic PDE which can be handled by the developed 
theory. To begin consider a nonlinear stochastic wave equation which can be formally 
written as 



u{t,0 = o, 
t(o,0 = ^o(0, 



t>0, i^dO, 



(8.1) 



with L„, L'^[0) valued Levy process (properly normalized), O a bounded regular domain 
in M"^, / : M ^ M is a Lipschitz function and uq G -ffo(C), vq G L'^{0). 
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Setting 



we can rewrite (18. ip in an abstract way: 

dX{t) = (^(^^^ X(t) + F(X(t)) ) dt + dLnit), (8.2) 

where 

'u\ f \ . _ / 



I - \ ^r ^"W= f m (8.3) 
vj \Fi{u)J \Ln[t)J 

and A = -A in if = /.^(C) with D{A) = H'^{0) n ifo(C). Moreover the same setup 
apphes to other equations of hyperbohc type. 

Therefore let us assume that A in (18. 2p is a strictly positive, self-adjoint operator in 
a Hilbert space H with a bounded inverse. It is then well known that the operator 



D{A) 

X 

D(AV2) 



is maximal monotone in the Hilbert space 1-i = \ x I , equipped with the following 



H 



"energy" type inner product 



Moreover, A* = —A. 

It is easy to check that the operator 





^ - • 

is bounded, positive, self-adjoint on Ti, and such that A*B is bounded. Moreover (12. ip 
holds with constant cq = 1. In fact 



u\ u 



Ul/4^||2+|U-l/4^||2_ 



In particular we see that 

= {\\A'/\f + \\A-''\fY'\ 



-1 
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Thus F = (^J is Lipschitz from 'H_i into "H (condition (12.21) ) if and only if 



\A-^/\Fi{u) - Fi{u)\\^ < c\\A^/\u - u 



u, u 



It is easy to see that if 

Fi(«)(0 = /(u(0), 

and / is a Lipschitz function, then (18. 4p is satisfied. 



9 Appendix: Proof of Proposition 13.3 



Let us recall that the spaces X , C were introduced in Section 4. Define, for each ip E C, 
processes 



jcmt) 



S{t-s)ij{s) dL{s), 



JCxmt)= / Sx{t-s)^{s)dL{s), A>0, 

^0 



[o,T], 
te[o,T]. 



We can treat /C and JCx as linear transformations from the space C into X. We prove this 
now and establish that there exists a constant Ci > such that 



|/Ca|| < Ci for A > 1. 



(9.1) 



In the proof we omit the subscript A. Let H, and the unitary semigroup S, be the exten- 
sions, respectively of H and of the semigroup S, given by the delation theorem, see e.g. 
[211 Theorem 9.24]. Thus if is an isometry and the semigroup S is the restriction 

of PS to H, where P is the orthogonal projection of H onto H. Therefore we have: 

S{t-s)ij{s)dL{s) = / PSit-s)4j{s) dL{s) = PS{t) / S{-s)^lj{s)dL{s), t e [0,T]. 







Moreover the process 



Y{t) 



S{-s)ip(s)dL{s), t>0, 



is a H martingale and therefore has cadlag modification. This implies that the stochastic 
convolution has ii-valued, cadlag modifications and 



S{t- s)ip{s)dL{s) 



<\\Y{t)\\^, te[0,T]. 



However, ||F(t)||^, t G [0,T], is a submartingale and by the classical Doob inequality for 
all p > 1 



IE sup \\Y{t)\ 



H 



< 



P 



p — 1 



iE||r(T) 



1^ 
\h' 
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In particular 

sup [ S{t- s)ilj{s)dL{i 

\0<t<T Jo 



H 



< 4E 



S{-s)ij{s) dL{s) 







Thus the existence of the constant Ci follows, and by the Banach-Steinhaus theorem it is 
enough to establish (13.91) for a dense set of ip. 

Lemma 9.1. For each k = 1,2, . . . the set 
is dense in C 

Proof. Let ip E C Since for /x > the operator fiAR^ is bounded we have 

e/ \\A''{fxR^)''^{u)Q'/%^du = 'E [ \\{fiAR^)''i;{u)Q^/^l^du <+oo, 
Jo Jo 

and thus {^R^)^il) G Ck- Moreover it follows from (12. 9p that 

and \\m^^^oo{iiR^Y X = x for every x E H. Therefore the dominated convergence theorem 
yields 

^liin^ E ^ II {ifiR^f - l)ijiu)Q'^%^ du = 0. 



Lemma 9.2. Assume that M{t), t > 0, is a D{A)-valued process with locally bounded 
trajectories, H -square integrable martingale, and M(0) = 0. Then 

t j-t 
S{t- s)dM{s) = M{t) - S{t- s)AM{s)ds. (9.2) 

Jo 

Proof. Let e e D{{A*f) and 

ip{s, x) = {S(t — s)x, e) = {x, S*{t — s)e). 

Then ip G C^((— oo,t) x H) and has uniformly continuous derivatives. In fact it can be 
extended to a function in C^(R x if) in an obvious way. Therefore, applying Ito's formula 
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for Hilbert space valued semimartingales (see [T9] Theorem 27.2] or Theorem D2]) 
we obtain 



{M{t),e)= / {S{t- s)AM{s),e)ds+ / {S{t - s)dM{s), e)ds 
Jo Jo 

which proves the claim since D{{A*y) is dense in H. ■ 

Applying Lemma W2\ to the martingale M(t) = j^ip{u) dL{u), t G [0,T] we arrive at 

the following lemma. 

Lemma 9.3. //IE \\A'^{u)Q^/^\\lsdu < +00 then for all t G [0,T], A > 0, 



S{t - s)^/j{s) dL{s) = J ^/j{s) dL{s) -J S{t- s) A^Ij{u) dL{u) j ds, 
Sxit- s)'^{s)dL{s) = [ ilj{s)dL{s)- [ Sx{t-s)( [ Axip{u) dL{u)]ds. 



We can now continue the proof of the theorem. We will show that (13.91) holds for 
every ip E £2- Note that 



]Cij{t) - ICx^{t) = S{t- s) 



-Atp^u) dL{u) 



Axi){u) dL{u) 



ds 



Now 



and 



+ j\s{t - - Sxit - s)] (^J^ -Ax^iu) dL{u)^ds = iim + iim- 

Il^{t)= [ S{t~ s){Ax- A) [ i){u)dL{u)ds, 



sup \\llm\\ < I (^-^a) f i^{u)dL{u) 

0<t<T Jo Jo 



ds. 



But II (A - Ax)x\\ = ||i?A^^a;|| < Tp^xH, x E D{A^). Therefore, since 



IE 



we have, by isometric identity. 



\A^^{u)Q'/%^du < + 



-00, 



(9.3) 



IE sup |/iv(i)r < e( /" 

0<t<T \Jo 



ds 



(A -Ax) / ^/jiu)dL{u) 
Jo 

{A - Ax)iIj{u)Q^/'^\\'^^ duds 

AV(m)Q^^^||hs ds 
<^T^ J^' JE\\A^^{u)Q'/%^du. 



T 

<T I IE 

'0 ^0 



Jo 

T 
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Therefore, if ( 19 ■3p holds, 



hm E||/;[^(t)|f = 0. 

A— >+co 



Since for every x G D{A), A > 0, 

\\Sx{t)x - S{t)x\\ < t\\Axx - Ax\ 

(see for instance [20], page 10), we have 
Thus 



sup pimf < sup { ! 

0<t<T 0<t<T\Jo 



[Sit-s)-Sxit-s)]Ax ij{u)dL{u) 







ds 



< sup 

0<t<T 



{t - s)\\{A~ Ax)Ax / tp{u)dL{u)\\ds 
Jo 

t 

2 



< T sup 



0<t<T Uo 



{A- Ax) Ax ^/j{u)dL{u)\\ds 







Moreover, 



Therefore 



(A - Ax) Ax = (A - \RxA)\RxA = \RxiI - \Rx)A\ 



E sup ll/A^'Wir < 

0<t<T JO 



(is 



(/ - XRx)A^ / ^(u) (iL(M) 
Jo 

<T^'E [ [ - \Rx)A'^iP{u)Q^^^\\l^dsdu 
Jo Jo 

<T^-E [ ~ XRx)A^ij{u)Q^^^\\l^du. 
Jo 

Thus, if flQ.Sp holds, we can conclude by the dominated convergence theorem that 



lim IE sup ||/A^(t)|| = 0. 

A-s>+oo 0<t<T 

This finishes the proof of the proposition. ■ 

References 

[1] A. de Acosta, Large deviations for vector-valued Levy processes, Stoch. Proc. Appl. 
51 (1994), 75-115. 

[2] A. de Acosta, A general non-convex large deviation result with applications to stochas- 
tic equations, Probab. Theory Relat. Fields 118 (2000), 483-521. 



38 



[3] J. Bertoin, Levy Processes, Cambridge University Press, 1996. 

[4] S. Cerrai and M. Rockner, Large deviations for stochastic reaction-diffusion systems 
with multiplicative noise and non-Lipschitz reaction term, Ann. Probab. 32 (2004), 
1-40. 

[5] F. Chenal and A. Millet, Uniform large deviations for parabolic SPDE's and appli- 
cations, Stochastic Process. Appl. 72 (1997), 161-187. 

[6] P. L. Chow, Large deviation problem for some parabolic Ito equations. Comm. Pure 
Appl. Math. 45 (1992), no. 1, 97-120. 

[7] M. G. Crandall and P. L. Lions, Viscosity solutions of Hamilton- Jacobi equations in 
infinite dimensions. IV. Hamiltonians with unbounded linear terms, J. Punct. Anal. 
90 (1990), 237-283. 

[8] M. G. Crandall and P. L. Lions, Viscosity solutions of Hamilton-Jacobi equations 
in infinite dimensions. V. Unbounded linear terms and B-continuous solutions, J. 
Funct. Anal. 97 (1991), 417-465. 

[9] G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions, Cambridge 
University Press, Cambridge UK, 1992. 

[10] P. Dupuis and R. S. Ellis, A weak convergence approach to the theory of large devia- 
tions, Wiley Series in Probability and Statistics, John Wiley & Sons, Inc., New York, 
1997. 

[11] I. Ekeland and G. Lebourg, Generic Frechet- differentiability and perturbed optimiza- 
tion problems in Banach spaces. Trans. Amer. Math. Soc. 224 (1977), 193-216. 

[12] J. Feng, Large deviations for diffusions and Hamilton-Jacobi equations in Hilbert 
spaces, Ann. Probab. 34 (2006), no. 1, 321-385. 

[13] J. Feng and T. Kurtz, Large Deviations for Stochastic Processes, Mathematical Sur- 
veys and Monographs, 131, American Mathematical Society, Providence, RI, 2006. 

[14] M. I. Freidhn, Random perturbations of reaction-diffusion equations: The quasi de- 
terministic approximation. Trans. Amer. Math. Soc. 305 (1988), 665-697. 

[15] H. Ishii, Viscosity solutions for a class of Hamilton-Jacobi equations in Hilbert spaces, 
J. Funct. Anal. 105 (1992), 301-341. 

[16] G. Kallianpur and J. Xiong, Large deviations for a class of stochastic partial differ- 
ential equations, Ann. Probab. 24 (1996), 320-345. 



39 



[17] S. Kwapien, W. A. Woyczynski, Random Series and Stochastic Integrals: Single and 
Multiple, Probability and its Applications, Birkhauser Boston, Inc., Boston, MA, 
1992. 

[18] X. Li and J. M. Yong, Optimal control theory for infinite- dimensional systems, 
Birkhauser Boston, Cambridge, MA, 1995. 

[19] M. Metivier, Semimartigales, de Gruyter, 1982. 

[20] A. Pazy, Semigroups of linear operators and applications to partial differential equa- 
tions. Applied Mathematical Sciences, 44, Springer- Verlag, New York, 1983. 

[21] S. Peszat and J. Zabczyk, Stochastic Partial Differential Equations with Levy Noise. 
An evolution equation approach. Encyclopedia of Mathematics and its Applications, 
113, Cambridge University Press, Cambridge, 2007. 

[22] S. Peszat, Large deviation princicple for stochastic evolution equations, Probab. The- 
ory Relat. Fields 98 (1994), 113-136. 

[23] P. Protter, Stochastic Integration and Differential Equations, Springer, 1995. 

[24] M. Renardy, Polar decomposition of positive operators and a problem of Crandall and 
Lions, Appl. Anal. 57 (1995), no. 3-4, 383-385. 

[25] K. Sato, Levy Processes and Infinitely Divisible Distributions Cambridge University 
Press, 1999. 

[26] R. Sowers, Large deviations for a reaction-diffusion equation with non-Gaussian per- 
turbation, Ann. Probab. 20 (1992), 504-537. 

[27] S. S. Sritharan and P. Sundar, Large deviations for the two-dimensional Navier- 
Stokes equations with multiplicative noise. Stochastic Process. Appl. 116 (2006), no. 
11, 1636-1659. 

[28] M. Rockner and T. Zhang, Stochastic evlution equations of jump type: existence, 
uniqueness and large deviation principles. Potential Anal. 26 (2007), 255-279. 

[29] A. Swi§ch, A PDE approach to large deviations in Hilbert spaces. Stochastic Process. 
Appl. 119 (2009), no. 4, 1081-1123. 

[30] A. D. Wentzell Theorems on Large Deviations for Markov Stochastic Processes, 
Kluwer 1990. 



40 



T. Xu and T. Zhang, Large deviation principles for 2-D stochastic Navier- 
equations driven by Levy processes, J. Funct. Anal. 257 (2009), 1519-1545. 



41 



